Abstract. The aim of this paper is to define hyperholomorphic functions with dual octonion variables on C 4 × C 4 in another way. Using condition of harmonicity, we research properties of functions of dual octonion variables in Clifford analysis.
Introduction
The dual numbers extended the real numbers by adjoining one new element ε with the property ε 2 = 0. The collection of dual number forms is a particular two-dimensional algebra that is commutative and associative over the real numbers. Every dual number has the form z = x + εy with x and y uniquely determined real numbers. The algebra of dual numbers is a ring that is a local ring since the principal ideal generated by ε is its only maximal ideal. Dual numbers form the coefficients of dual quaternions. If we use matrices, dual numbers can be represented as ε = 0 1 0 0 , a + bε = a b 0 a .
The sum and product of dual numbers are then calculated with ordinary matrix addition and matrix multiplication; both operations are commutative and associative within the algebra of dual numbers.
K. Nôno [8, 9] researched the properties of hyperholomorphic functions of quaternion variable and octonion variable in the 1980s. We [2] found the theorem about hyperholomorphic functions of dual quaternion in C 2 × C 2 . Also, we [3] [4] [5] researched properties of the regularity functions on a variety of variables.
Preliminaries
The field O ∼ = C 4 of octonions (2.1)
e i x i , (x i ∈ R, i = 0, 1, · · · , 7)
is an eight dimensional non-commutative and non-associative R-field generated by eight base elements e 0 , e 1 , e 2 , e 3 , e 4 , e 5 , e 6 and e 7 with the following non-commutative multiplication rules:
, e i e j = −e j e i , e i e j e k = e i (e j e k ) (i = j = k, i = 0, j = 0, k = 0) and e 1 e 2 = e 3 , e 3 e 5 = e 6 , e 6 e 7 = e 1 , e 1 e 4 = e 5 , e 5 e 7 = e 2 , e 2 e 6 = e 4 , e 4 e 7 = e 3 .
The element e 0 is the identity of O and e 1 identifies the imaginary unit √ −1 in the C-field of complex numbers. An octonion z given by (2.1) is regarded as z = z 1 +z 2 e 2 +z 3 e 4 +z 4 e 6 ∈ O where z 1 := x 0 +e 1 x 1 , z 2 := x 2 +e 1 x 3 , z 3 := x 4 +e 1 x 5 and z 4 := x 6 +e 1 x 7 are complex numbers in C. Thus, we identify O with C 4 .
For two octonions z = 7 i=0 e i x i and w = 7 i=0 e i y i , the inner product (z, w) is defined by as follows:
Also, the octonionic conjugation z * , the absolute value |z| of z and a inverse z −1 of z in O are defined, respectively, by
Thus the octonion z ∈ O and the octonion conjugation z * ∈ O have the following forms: z = x 0 + e 1 x 1 + e 2 x 2 + e 3 x 3 + e 4 x 4 + e 5 x 5 + e 6 x 6 + e 7 x 7 = z 1 + z 2 e 2 + z 3 e 4 + z 4 e 6 and z * = x 0 − e 1 x 1 − e 2 x 2 − e 3 x 3 − e 4 x 4 − e 5 x 5 − e 6 x 6 − e 7 x 7 = z 1 − z 2 e 2 − z 3 e 4 − z 4 e 6 , where z 1 = x 0 + e 1 x 1 , z 2 = x 2 + e 1 x 3 , z 3 = x 4 + e 1 x 5 and z 4 = x 6 + e 1 x 7 .
Let Λ be an open set in C 4 . The function g(z) is defined by the following form in Λ with valued in O:
where z = (z 1 , z 2 , z 3 , z 4 ) and g 1 (z), g 2 (z), g 3 (z) and g 4 (z) are complex valued functions.
And, we use the following octonionic differential operators:
where
is said to be L(R)-hyperholomorphic in Λ if the following two conditions are satisfied:
(1) g k (z) (k = 1, 2, 3, 4) are continuously differential functions in Λ,
When we deal with a L-hyperholomorphic function g(z) in Λ ⊂ C 4 , for simplicity, we often say that g(z) is a hyperholomorphic function in Λ ⊂ C 4 .
The Equation (2.2) is applied to g(z) as follows:
If the following equations
are satisfied, the function g(z) is a hyperholomorphic function in Λ. The equations in (2.3) are the corresponding o-Cauchy-Riemann equations in C 4 .
Dual octonion variables
Let Ω be an open set in C 4 × C 4 . The function F (z) is defined by the following form in Ω with valued in O:
We use the following differential operators:
where ∂/∂z j , ∂/∂z j (j = 1, 2, 3, 4), ∂/∂w j , ∂/∂w j (j = 1, 2, 3, 4) are usual differential operators used in complex analysis. And, we use the following octonionic differential operators:
is said to be L(R)-hyperholomorphic in Ω if the following two conditions are satisfied:
When we deal with a L-hyperholomorphic function F (z) in Ω ⊂ C 4 × C 4 , for simplicity, we often say that F (z) is a hyperholomorphic function in Ω ⊂ C 4 × C 4 .
The Equation (3.1) is applied to F (z) as follows:
are satisfied, the function F (z) is a hyperholomorphic function in Ω. The equations in (3.2) are the corresponding o-Cauchy-Riemann equations in C 4 × C 4 . Remark 3.2. We redefine the equations (3.2) as follows: 
We call that the equations (3.4) are the condition of harmonicity.
Proof. We have
and the functions f 2 (z), f 3 (z), f 4 (z), g k (w) (k = 1, 2, 3, 4) are proved by the similar method as in the proof of the case of f 1 .
Definition 3.4 ([1,6]).
Let Λ ⊂ C n be an open set with a C 2 boundary. Let Λ = {z ; ρ(z) < 0} where ρ is in C 2 in a neighborhood of Λ and grad ρ = 0 on bΛ. Then Λ is pseudoconvex if n j,k=1
for all z ∈ bΛ and w ∈ C n satisfying n j=1 ∂ρ ∂z j (z)w j = 0.
Consider an automorphism γ: Theorem 3.5.
Let Ω be a domain in C 4 ×C 4 , which is a pseudoconvex domain with respect to the complex variables z 1 , z 2 , z 3 , z 4 , w 1 , w 2 , w 3 , w 4 and, F 1 (z), G 1 (w), be a complex valued function of class C 2 on Ω satisfying the condition of harmonicity (3.3). Then, there exist hyperconjugate harmonic functions
Proof. We consider the 1-form and the differential operator on γ(Ω): 
We operate the operator δ from the left-hand side of the 1-form ψ on γ(Ω): By the condition of harmonicity (3.2), all coefficients vanish. From Hörmander [1] and Krantz [6] , the δ-closed forms ψ 1 , ψ 2 of z 1 , z 2 , z 3 , z 4 , w 1 , w 2 , w 3 , w 4 are δ-exact forms on γ(Ω). Since Ω is pseudoconvex, there exist hyper-conjugate harmonic functions F 2 (z), G 2 (w) of class C 2 with ∂-closed forms γ −1 ψ 1 = ∂F 2 (z) and γ −1 ψ 2 = ∂G 2 (z) on Ω of z 1 , z 2 , z 3 , z 4 , w 1 , w 2 , w 3 , w 4 are ∂-exact (0,1)-forms on Ω such that F (z) = F 1 (z) + F 2 (z)e 2 + ε(G 1 (w) + G 2 (w)e 2 ) is a hyperholomorphic function on Ω.
